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Abstract 

We prove that given two cut free nets of linear logic, by means of 
fj . their relational interpretations one can: 1) first determine whether or not 

the net obtained by cutting the two nets is strongly normalizable 2) then 
(in case it is strongly normalizable) compute the maximal length of the 
reduction sequences starting from that net. 



> 

i~ ■ 1 Introduction 

^D 

This paper follows the approach to the semantics of bounded time complex- 
iL ity consisting in measuring by semantic means the execution of any program, 

~f\ , regardless to its computational complexity. The aim is to compare different 

computational behaviors and to learn afterwards something on the very na- 
ture of bounded time complexity. Following this approach and inspired by [7] , 
in [¥J [5] one of the authors of the present paper could compute the execution 
^^ , time of an untyped A-term from its interpretation in the Kleisli category of the 

comonad associated with the finite multisets functor on the category of sets and 
relations. Such an interpretation is the same as the interpretation of the net 
translating the A-term in the multiset based relational model of linear logic. The 
execution time is measured here in terms of elementary steps of the so-called 
Krivine machine. Also, [U [5] give a precise relation between an intersection 
types system introduced by [2] and experiments in the multiset based relational 
model. Experiments are a tool introduced by Girard in [5] allowing to compute 
the interpretation of proofs pointwise. An experiment corresponds to a type 
derivation and the result of an experiment corresponds to a type. This same 
approach was applied in [5] to Multiplicative Exponential Linear Logic (MELL) 
to show how it is possible to compute the number of steps of cut elimination by 
semantic means (notice that the measure being now the number of cut elimina- 
tion steps, here is a first difference with (4j [5j where Krivine's machine was used 



to measure execution time). The results of [5] are presented in the framework 
of proof-nets, that we call nets in this paper: if n' is a net obtained by applying 
some steps of cut elimination to w, the main property of any model is that the 
interpretation [71"] of tt is the same as the interpretation [71-'] of tt' , so that from 
[71"] it is clearly impossible to determine the number of steps leading from 7r 
to tt'. Nevertheless, in [Hj it is shown that if tt\ and 7r 2 are two cut free nets 
connected by means of a cut-link, one can answer the two following questions 
by only referring to the interpretations fni\ and [772] in the relational model: 

is it the case that the net obtained by cutting tt\ and ~ki is weakly nor- 
malizablc? 



• 



• 



if the answer to the previous question is positive, what is the number of 
cut reduction steps leading from the net with cut to a cut free one? 

In the present paper, still by only referring to the interpretations [Vi] and 
[772] in the relational model, we answer the two following variants of the previous 
questions: 

1. is it the case that the net obtained by cutting tt\ and 712 is strongly nor- 
malizable? 

2. if the answer to the previous question is positive, what is the maximal 
length (i.e. the number of cut reduction steps) of the reduction sequences 
starting from the net obtained by cutting tt\ and 7T2? 

It is certainly worth comparing our result with the recent paper [T], which 
gives a semantic bound of the number of /3-rcductions of a given A-term. 

The first question makes sense only in an untyped framework (in the typed 
case, cut elimination is strongly normalizing, see [8] and [9]), and we thus 
introduce in Section [2] nets and their reduction in an untyped framework. This 
section essentially comes from [5], so as several notions in the sequel, which are 
only recalled here. 

In Section [31 we introduce the standard notion of experiment (called []- 
experiment in this paper) leading to the usual interpretation (called [^-interpretation 
in this paper) of a net in the category of sets and relation (the multiset based 
relational model of linear logic). In the same Definition [TUJ we introduce [J- 
experiments, leading to the [{-interpretation of nets: the main difference be- 
tween |]-cxpcriments and {{-experiments is the behavior w.r.t. weakening links. 
And indeed, the main difference between weak and strong normalization lies in 
the fact that to study the latter property we cannot "forget pieces of proofs" 
(and this is actually what the usual [^-interpretation does by assigning the 
empty multiset as label to the conclusion of weakening links). The newly de- 
fined {{-interpretation does not yield a model of linear logic: it is invariant only 
w.r.t. non erasing reduction steps (Proposition I12[) . 

In Section [4] we start by a crucial remark: in case tt is a cut free net, its 
[{-interpretation (71-J can be computed from its "good old" []-interpretation [77] 
(Proposition ll9[) . This implies that to answer questions Q] and [5] by only referring 



to the interpretations [tti] and [7r 2 ] in the "good old" relational model of linear 
logic, we are allowed to use the newly defined (}-interpretations (7TiJ and {7r 2 ]). 
We then accurately adapt the notion of size of an [[-experiment of the relational 
model to (}-expcrimcnts, in order to obtain a variant of the "Key Lemma" (ac- 
tually Lemmata 17 and 20 of [5]): Lemma |2"21 measuring the difference between 
the size of experiments of a net and one of its one step reducts. Corollary [51] 
answers question [1] Finally, we use a variant of the (rather standard) "post- 
ponement" of erasing reduction steps (Proposition [7J whose detailed proof can 
be found in the appendix) , and again by accurately adapting the notion of size 
of a result of a []-experiment to {{-experiments (Definition 121))) . we state and 
prove our main result (Theorem I34p. that answers question [5J 

Notations 

For a set X, Vf(X) denotes the set of the finite subsets of X and .Mfi n (X) 
denotes the set of finite multisets of elements of X. 



2 Nets 

We introduce nets and their cut-elimination in an untyped framework; we then 
prove some useful rewriting properties that will be used in the next sections. 
Most of the basic definitions come from [6] . 

Definition 1 (Ground-structure). Aground-structure, or g-structure for short, 
is a finite (possibly empty) labelled directed acyclic graph whose nodes (also called 
links) are defined together with an arity and a coarity, i.e. a given number of 
incident edges called the premises of the node and a given number of emergent 
edges called the conclusions of the node. The valid nodes are: 




f *PT? 



An edge can have or not a b label: an edge with no label (resp. with a \> label) 
is called logical (resp. structural^). The \>-nodes have a logical premise and 
a structural conclusion, the 1-nodes have fc > structural premises and one 
logical conclusion, the \-nodes have no premise, exactly one logical conclusion, 
also called main conclusion of the node, and k > structural conclusions, called 
auxiliary conclusions of the node. Premises and conclusions of the nodes ax, 
cut, ®, 2? , 1, _L are logical edges. We allow edges with a source but no target, 
they are called conclusions of the g-structure; we consider that a g-structure is 
given with an order (ci, . . . , c n ) of its conclusions. 
We denote by \{a) the set of \-links of a g-structure a. 



In the sequel we will not write explicitly the orientation of the edges. In 
order to give more concise pictures, when not misleading, we may represent an 
arbitrary number of b-edges (possibly zero) as a b-cdge with a diagonal stroke 
drawn across. In the same spirit, a ?-link with a diagonal stroke drawn across 
its conclusion represents an arbitrary number of ?-links, possibly zero. 

Definition 2 (Untyped b-structure, untyped nets). An untyped b-structure, or 
simply b-structure, tt of depth is a g-structure without \-nodes; in this case, 
we set ground(i{) = 7r. An untyped b-structure tt of depth d+ 1 is a g-structure 
a, denoted by ground(n), with a function that assigns to every \-link o of a with 
n + 1 conclusions a b -structure tt" of depth at most d, called the box of o, with 
n structural conclusions, also called auxiliary conclusions of tt° , and exactly 
one logical conclusion, called the main conclusion of tt° , and a bijection from 
the set of the n structural conclusions of the link o to the set of the n structural 
conclusions of the b-structure tt° . Moreover a has at least one \-link with a box 
of depth d. 

We say that groundirr) is the g-structure of depth of tt; a g-structure of depth 
d+ 1 in 7r is a g-structure of depth d of the box associated by tt with a \-node of 
ground(rr). A link I of depth d of tt is a link of a g-structure of depth d of tt; we 
denote by depthil) the depth dofl. We refer more generally to a link/ g-structure 
of tt meaning a link/ g-structure of some depth of tt . 

A switching of a g-structure a is an undirected subgraph of a obtained by 
forgetting the orientation of a 's edges, by deleting one of the two premises of 
each ^-node, and for every 7 -node I with n > 1 premises, by erasing all but one 
premises of I. 

An untyped b-nct, b-net for short, is a b-structure tt s.t. every switching of 
every g-structure of tt is an acyclic graph. An untyped net, net for short, is a 
b-net with no structural conclusion. 

Notice that with every structural edge 6 of a net is associated exactly one 
b-node (above it) and one ?-node (below it): we will refer to these nodes as 
the b -node/1 -node associated with b. Observe that the b-node and the ?-node 
associated with a given edge might have a different depth. 

Definition 3 (Size of nets). The size s(a) of a g-structure a is the number of 
logical edges of a. The size s(tt) of a b-structure tt is defined by induction on 
the depth of tt , as follows: s{tt) = s(ground(Tr)) + E oe ! (ground^)) s ( 7r °)- 

Since we are in an untyped framework, nets may contain "pathological" cuts 
which are not reducible. They are called clashes and their presence is in contrast 
with what happens in A-calculus, where the simpler grammar of terms avoids 
clashes also in an untyped framework. 

Definition 4 (Clash). The two edges premises of a cut-link are dual when: 

• they are conclusions of resp. a ®-node and of a ^H-node, or 

• they are conclusions of resp. a 1-node and of a ^L-node, or 



(ax) 



(O/ 2 ?) : 





(1/_L) : * ~~> empty graph 

Figure 1: Cut elimination for nets (multiplicatives) . 



• they are conclusions of resp. a \-node and of a 7-node. 

A cut-link is a clash, when the premises of the cut-node are not dual edges and 
none of the two is the conclusion of an ax-link. 



Definition 5 (Cut elimination, Figures Q] and [2]). The cut elimination is defined 
as in |3]/. To eliminate a cut t in a net tt means in general to transform tt into 
a net t(w). We will also refer to t(n) as a one step reduct of tt, and to the 
transformations associated with the different types of cut-link as the reduction 
steps. When one of the two premises of t is a 1-link with no premises and the 
other one is a l-link, we say that t is erasing and the reduction step is an erasing 
step. We write n ~-* tt' , when tt' is the result of one reduction step and tt-^^tt' 
(resp. TT-^>-, e Tr' ) in case the reduction step is (resp. is not) erasing. 

A cut-link t of it is stratified non-erasing, when for every non erasing cut 
(except clashes) t' of tt we have depth(t) < depth{t'). A stratified non-erasing 
reduction step is a step reducing a stratified non-erasing cut; we write 7r~->(^ e ) tt' 
when tt' is the result of one stratified non-erasing reduction step. 
A cut-link t of it is antistratificd erasing, when every cut-link of it is erasing 
and for every cut-link t' of tt we have depth(t') < depth{t). An antistratificd 
erasing reduction step is a step reducing an antistratified erasing cut; we write 
7r-^» eas 7r' when it' is the result of one antistratified erasing reduction step. 

The reflexive and transitive closure of the rewriting rules previously defined 
is denoted by adding a *: for example ~»?_, e N is the reflexive and transitive 
closure o/~->(^ e ) . A net tt is normalizable if there exists a cut free net ttq such 
that tt-^*ttq. 

A reduction sequence R from tt to tt' is a sequence (possibly empty in case 
tt = tt' ) of reduction steps tt ~* 7Ti ~-> . . . ~* TT n = tt'. The integer n is the 
length of the reduction sequence. A reduction sequence R is a stratified non- 
erasing reduction (resp. an antistratified erasing reduction,) when every step of 
R is stratified non-erasing (resp. antistratified erasing). A net is ->e-normal 
when it contains only erasing cut-links. 




(!/?) 




Figure 2: Cut elimination for nets. In the (!/?) case what happens is that the 
!-link o dispatches k copies of ir° (k > being the arity of the ?-node w premise 
of the cut) inside the !-boxes (if any) containing the b-nodes associated with the 
premises of w, notice also that the reduction duplicates k times the premises of 
?-nodcs which arc associated with the auxiliary conclusions of o. 



We denote by SN (resp. SN^ e , SN^ e ' s ) the set of nets it such that every 
reduction sequence (resp. ->e-reduction sequence, (~>e) s -reduction sequence) from 
tt is finite and none of the reducts (resp. ->e-reducts, (->e) s -reducts) ofix contains 
a clash. The nets of SN are also called strongly normalizable. 

For any net tv, we set 



strong^ e (ir) 



and strong(ir) 



max{length(R); R is a 

CO 



-ie-reduction sequence from tt} 



ifire SJST C 
otherwise; 



ma,yi{length(R); R is a reduction sequence from n} if n G SN; 
cxd otherwise. 



In order to measure by semantic means the exact length of the longest reduc- 
tion sequence(s) starting from a given strongly normalizable net (Theorem I34[) , 
we show that there always exists such a sequence consisting first of non erasing 
stratified steps and then of erasing antistratified steps (Proposition [7]). 

Proposition 6. We have SN = SN^" e) * . 

Proposition 7. For any ttq £ SN, there exist a (—<e) s -reduction sequence R\ : 
ir with 7r -ie-normal and an antistratified e-reduction sequence i?2 from 



TO* 



'(-e) 



■k such that strong^TTo) = length(Ri) + lengih(R2). 



When n (resp. n') is a net having c (resp. d) among its conclusions, we 
denote in the sequel by (7r|7r') C)C < the net obtained by connecting ir and n' by 
means of a cut- link with premises c and c'. 

Corollary 8. Letir (resp. -k' ) be a net having c (resp. c' ) among its conclusions, 
and assume that (77 |7r') CjC ' is strongly normalizable. 

There exists R\ : (ir\Tr') c ,c'"^7-, e ) ""l an d R2 '■ 7ri~* e *7r2 antistratified such 
that 

• 7Ti is -^e-normal; 

• 7T2 is cut-free; 

• strong^ (tt\tt')c.c') = length(Ri) + lengthiji'i). 

3 Experiments 

Let us fix a set ^4 of "atoms" , such that A does not contain any pair nor 
any multiset. We also require that * ^ A: these conditions on A ensure that 
following Definition [9] we obtain an object D that satisfies the equation D = 
A © A 1 - © 1 © _L © (D (g> L>) ® (D 2? £))©!£»©?£), where the constructs have the 
usual interpretations: ^4^ = A, ® and ^ are the cartesian product of sets, 1 
and _L arc the singleton {*}, ! and ? are the finite multisets functor, and © is a 
disjoint unioro 

Definition 9. We define D n by induction on n: 

• D :={+,-}x(AU{*}) ' 

• D n+1 := D U ({+, -} x D n x D n ) U ({+, -} x M fin (D n )) 

We set D := [J nGN D n , and we call the depth of an element x £ D (and we 
denote by depth(x)) the least n such that x e D n . 

When (+, []) does not appear in x £ D, we say that x is exhaustive. We 
denote by X ex the set of the exhaustive elements of any given subset X of D. 

Now, we show how to compute the interpretation of an untyped net directly, 
without passing through a sequent calculus. This is done by adapting the notion 
of experiment to our untyped framework. For a net ir with n conclusions, we 
define the interpretation of tv, denoted by [71"], as a subset of ^ i=1 D, that can 
be seen as a morphism from 1 to ^" =1 D. Wc compute [7rJ by means of the 
IJ-experiments of it, a notion introduced by Girard in [5] and central in this 
paper. We introduce also a variant of this notion, the ^-experiments of ir that 
allow to compute (7rJ. We define, by induction on the depth of 7r, what are 
[[-experiments and ({-experiments of 7r: 

Definition 10 (Experiment). An [J-experiment e of a b-nct it (resp. an (}- 
experiment e of a b-net tt), denoted by e :o 7r (resp. e :n n), is a function which 



The previously mentioned conditions guarantee that the following definition of D gives 
rise indeed to a disjoint union. 



x y x y x (-,jUi) (~,Mn) 



7^ 



e i 1 ■ ■ ■ • 6 « 



7™^ (+'•*) ("'*) (+.»■!') (-.*.») (- W) (-^!:<„W) (-,e!<„w) l (+ ' [Sl ' ' ' " ' X " ]) 

Figure 3: []-cxpcrimcnts of b-nets, with x, y, Xi € D and /i^ G A4fi n (-D)- 



associates with every l-link o of ground(ir) a multiset [e°, ..., eg] iirai/i k > (resp. 
k > 0) of ^-experiments (resp. ^-experiments) of n° , and with every edge a of 
ground^) an element of D. In the cases of ax -links, cut-links, \ -links, -L-link, 
®-links, ^-links, \>-links, \-links and 1 -links with n > 1 premises, the standard 
conditions of Figure^ hold both for []- experiments and {}- experiments (see IB/jO- 
In the case of a l-link with no premise and the edge c as conclusion, we require 
that: 

• e(c) = (—,[])) f or an D -experiment e 

• e(c) = (— , []) or e(c) = (— , [a]) with a G D, for an ^-experiment e. 
When e is an fj-experiment (resp. an (}- experiment), we seek 

W(e) = E ^ 

c is the conclusion of a l-link with no premise 
e(c) = (-,M) 

+ E E w ( g ) ■ 

o is a \-link of ground(7r) e£e(o) 

If ci, . . .,c n are the conclusions of it, then the result of e, denoted by \e\, is 
the element (e(ci), . . . , e(c n )) o/^ ) "_ 1 D. The [[-interpretation of n is the set 
of the results of its []- experiments. The ({-interpretation of n is the set of the 
pairs (|e|,W(e)) such that e is an ^-experiment of it. 

\-k\ := {(e(ci), . . . ,e(c n )) ; e is an ^-experiment of it} ; 

M : = {(( e ( c i); ■ • ■ ! e ( c n))i VV(e)) ; e is an ^-experiment of it} . 

Ify = (e(ci), . . . , e(c„)} is the result of an ^-experiment (resp. an (J- experiment) 
e of it, we denote by y c . the element e(ci), for every i < n. Generally, if 
d = (ci t ,... ,a h ) is a sequence of conclusions of it, we note by yd the element 
(e(c n ),..., e(c 4 J) ofT>. 

Definition 11. We define, by induction on depthiix), what means to be w- 
sparing for a }}- experiment e of a net 7r: 



2 Notice, however, that while an []-expcriment can associate with a !-link of ground(ir) an 
empty multiset of experiments, this cannot be the case for an ((-experiment. 

3 Notice that when e is an J]-cxperiment one always has W(e) = []. 

4 Rccall that a g-structure, hence a b-net, is given together with an order on its conclusions, 
so the sequence (e(ci), . . . , e(c n )) is uniquely determined by e and it. 



• for every conclusion c of a weakening-link of ground^) which is not premise 
of some cut-link, we have e(c) = (— , []); 

• for every [-link o of ground(n), e(o) is a finite multiset of w -sparing ex- 
periments of TT° . 

Proposition 12. For tv and 7i"i nets: if ir^J •. -K\, then {it} = {tti}. 

Proof. A straightforward consequence of Lemma [22] D 

The following definition introduces an equivalence relation ~ on the (}- 
experiments of a b-net n: intuitively the ~ equivalence classes are made of 
experiments associating with a given !-link of it multisets of experiments with 
the same cardinality. 

Definition 13. We define an equivalence ~ on the set of J|- experiments of a 
b-net 7r, by induction on depth(Tt). Let e, e' : -k , we set e ~ e' whenever 

• for any weakening-link I of ground(n), we have e(c)(— , []) if and only if 
e'(c) = (— , []), where c is the conclusion of I; 

• and, for every \-node o of ground^), there is m G N such that e(o) = 
[e±,. . . ,e m ], e'(o) = [e[ , . . . , e' rn ] and, for any j G {l,...,m}, we have 
cj e y 

4 Strong Normalization 

We now define the function allowing to compute |7r| from [7r], when n is cut- 
free (Proposition [19]) . We use the notion of substitution: a function a : D — > D 
induced by a function a : A — > D; we denote by S the set of substitutions. 

An important property is that the interpretation of a b-net is closed by 
substitution, as the next lemma shows (the proof is an easy induction on s(jr)). 

Lemma 14. Let ir be a net. For every ^-experiment e' of n, for every a G S, 
there is a (^-experiment e of ir such that (cr(|e'|), a(W(e'))) = (|e|,W(e)) and 



Definition 15. We define the function F : (D ex ) n ->■ V f (D n x M fin {D)) by 
stating 

F((x u . . ., Xn )) = {{^ . . .,y n ),J2 w <); (vi. w i) e F ( x ^> • • • > (W". w «) e F ( x ^)} 

and F : D ex — > Vf(Dx M.fi n {D)Xl is defined by induction on the depth o/a|f|: 
• ifx€ D , then F(x) = {(x, [})} 



5 We keep the same notation for F : (D ex ) n -> V f (D n X Ma n (D)) and F : D e 
T f (D x MflnCD)). 

6 That is the least number n£N s.t. x £ D n . 



• ifx = (i,y,y'), thenF(x) = {((i,z,z'),W+W) : (z,W) 6 F(y) and (z',W) G 

f(v')} 

• ifx = (+,/3) where (3 = [x 1 ,...,x k ] G M fin (D ex ), thenF(x) = {((+,[si,...,a:j b ]),X£=i>V<) : 
(x'^Wi) e F(xi)f\ 

• ifx = (-, (3) where = [ Xl , . . . , x k ] e M/m(£> ea % tten F(x) = {((-, [si, ... , x' k ]), E-=i Wi) : 
(xj, WO 6 F(xO} tf fc > and F(a;) - {(x, [])} U {((-, [a]), [a]) : aeD}!/ 

fc = 0. 

Definition 16. For any net it, we define, by induction of depth{i:), what means 
to be atomic (resp. exhaustive,) for any experiment ofw: 

• An experiment of a net n of depth is said to be atomic if it associates with 
every conclusion of every axiom of ground(ir) an element o/{+,— } x A. 

• An experiment of a net ir of depth n + 1 is said to be atomic if 

— it associates with every conclusion of every axiom of ground(ir) an 
element of {+, — } x A 

— and it associates with every l-link o of ground(jr) a finite multiset of 
atomic experiments of ir° . 

• A IJ-experiment e of a net ir is exhaustive when \e\ G (D ex ) n for some 
n > 0. 

The following definition allows in particular to define the subset frr^ At of the 
"atomic" elements of [7rJ , which will be used in Proposition [T9j 

Definition 17. Given E G *#{D n ) for some n > 1, we say that r € E is 
E- atomic when for every r' G E and every substitution a such that o~(r') = r 
one has (7(7) G {+, — } x A for every 7 6 {+, — } x A that occurs in r' . For 
E G ?(S(D n ), we denote by Em the subset of E consisting of the E-atomic 
elements. 

Lemma 18. Letir be a cut free net. Then {(|e|, W(e)); e is an atomic J}- experiment of it} = 

Proof. To prove the inclusion lj xe /u s ac F(x) C {(|e|, W(e));e is an atomic (}-experiment of n}, 
we prove, by induction on s(w), that, for every exhaustive atomic []-expcrimcnt 
e of 7r and for every (y, W) G ^(|e|), there exists an atomic J|-experiment e' of 
7T such that (|e'|,W(e')) = {y,W). 

To prove the inclusion {(|e|, W(e)) ; e is an atomic ([{-experiment of 7r} C 
Uxe(M.4t)' !I -^( x )' we P rove : by induction on s(n), that, for every atomic ID- 
experiment e' of 7T, there exists an exhaustive atomic []-expcriment e of n such 
that (|e'|,W(e')) GF(|e|). D 

Proposition 19. Let it be a cut free net. Then (7rJ = {(<x(y),<r(W)) ; (y,W) G 
U x e(M At r F ( x ) andaeS}. 



^Notice that since x £ D ex , one has k > 1. 
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We extend the definition of size of an [^-experiment given in [5] to [}- 
experiments, and we introduce a new notion of size of ([{-experiments. This 
new notion of size is crucial to establish our main results (see Lemma [ 



Definition 20 (Size of experiments). For every \>-net tt, for every [J- experiment 

e of tt, we define, by induction on depth(ir), the size of e, s(e) for short, as 
follows: 

s(e) = s(ground(irj) + \. /, s ( e °) ■ 

o^\{ground{ir)) e°£e(o) 

We set s (e) = s{e) + 2Card{W(e)). 
Remark 1. A 1 -{}- experiment e of a b-net tt is a ^-experiment such that, 
for any [-link o of ground(ir), we have e(o) = [ei] with e\ a 1 -{J- experiment 
of 7r°. When such an J}- experiment e o/i exists, we have s(tt) = s(e) = 
min{s(e) ; e is an ^-experiment of tt}. 

Fact 21. If e and e' are two -Q- experiments of a b-net tt, then from e ~ e' it 
follows that sjj(e) = s(e'). 

The following lemma plays, in the framework of strong normalization, a 
similar role as Lemma 20 of [BJ. 

Lemma 22. Let tt and tt\ be two nets such that 7r~^(_, e ) tt%. Then 

1. for every ^-experiment e of it such that sn(e) — min{sjj(e); e is an ^-experiment ofir}, 
there exists an ^-experiment e\ of tt\ such that (|e|, W(e)) = (|ei|, W(ei)) 
ands (ei) = s (e) - 2; 

2. for every {}- experiment e\ of ' tt\ such that sjj(ei) = mm{sQ(e);e is an ^-experiment ofiri}, 
there exists an (} - experiment e of tt such that (|e|,W(e)) = (|ei|, W(ei)) 

and s (ei) = s (e) -2. 

Proof. The fact that |e| = \e\\ is completely standard. Furthermore the reduc- 
tion step leading from tt to tt\ is non erasing, which implies W(e) = W(ei). By 
Definition [20l it then remains to prove that s(e) = s(ei) — 2, which for stratified 
steps has been proven in [6j. □ 

Theorem 23. A net n is strongly normalizable if, and only, «/{7r| is non-empty. 

Proof. By Proposition [BJ it is enough to show that, for any net tt, we have 
tt £ SN ( " e) = if, and only if, M is non-empty. If ir £ SN ( " e) % let tt-^J , tt 
with 7To -ie- normal. There obviously exists a 1- {{-experiment e of ttq, and thus 
M e H (by Proposition [12]). 
Conversely, one proves by induction on min{sj]|(e) ; e is an {{-experiment of tt} 

that tt £ SN^ e ' s . If tt is -ie-normal, we are done. Otherwise, we show that for 

every tt\ such that 7r~+(^ e ) tt\, one has tt\ £ SN^ e ^ s . Since \tt\ ^ 0, there exist 

([{-experiments of tt and we can select e such that sn(e) = min{sn(e); e is an {{-experiment of tt}. 

By Lemma [22l there exists a {{-experiment e\ of 7Ti such that Sj](ei) = S(j(e) — 2, 

and still by Lemma 1221 sj»(ei) = min{sn(e) ; e is an {{-experiment of tti}: by 

induction hypothesis tt\ £ SN^ 6 -* 3 . □ 
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Corollary 24. Let tt (resp. tt' ) be a net with conclusions d,c (resp. d',c'). 
The net (7t|7t') CiC < is strongly normalizable if, and only if, there are (x, W) G (tt} 
and (x', W) G (tt 1 } such that x c = x.' c > . 

Now, it is easy to see that for a ^e-normal net tt, the longest reduction 
sequence starting from tt has a number of (erasing) steps equal to the number 
of (erasing) cuts of tt. And the following lemma shows how this number can 
be computed from a (well chosen) element of (tt}: the second component of the 
pair (|e|, W) G (tt}, where e is an ({-experiment of tt with minimal size. 

Lemma 25. Let tt be a ->e-normal net. Let eo be an ^-experiment of tt such 
that 

sjj(eo) = min{sj»(e) ; e is an ^-experiment of tt}. 

Then Card(VV(eo)) is the number of cuts of it. 

Proof. Given a net tt, if there exists a w-sparing 1- ({-experiment ei of tt, then 

• any ({-experiment eo such that sjj(eo) = min{sjj(e); e is an ({-experiment of tt\ 
is a unsparing l-(|-experimcnt 

• and Card{W(e\)) is the number of cuts of tt. 

Now, since tt is ^e-normal, there exists such an ({-experiment e\. □ 

To conclude, (using the notations of Corollary [5]) , we have to compute the 
length of the two sequences R\ and i?2 of Corollary [5] from \tt\ and \tt'\. Since 
one can compute {tt} and (tt'} from [71-] and [V] (thanks to Proposition IT!))) . it 
is enough to compute the length of R\ and R2 from (tt} and (tt'}. We need for 
this a notion of size of an element of the ({-interpretation of a net, which is a 
particular case of size of an element of D n x A4fi n (D). Like for the notion of 
size of an experiment, we use the notion of size of an element of D introduced 

Definition 26 (Size of elements). For every x s D, we define the size s{x) of 
x, by induction on depth(x). Let p G {+, — }, 

• if x G {+, — } x A or x = (p, *), then s(x) = 1; 

• if x = (p, y, z), then s(x) = 1 + s(y) + s(z); 

• ifx= (p, [xi,...,x m ]), then s(x) = 1 + J2jLi s ( x j)'> 

Given (xi,...,x n ) G ?£™ =1 -D (n > 0), we set s(xi, . . . ,x n ) = J27=\ s ( Xi ) 
and s([xi,...,x n ]) = Yh=i s ( x i% 

Let n > 1 and (x,W) G D n x Mfi n (D). Then we set sq(x, W) = s(x) + 
E Q£ D>V(«)-(s(a)+2). 

We first compute the length of R\ by means of experiments (Propositionl29]) . 

Definition 27. Let n > 1. For any X C D n x Mfi n {D), we set sq (X) = 
mf{sn(x);x eX}. 



8 Notice that for every point x e D or x G ^"=1 D U D <oa U Ma n (D), s(x) is the number 
of occurrences of +, — in a; (seen as a word). 
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Lemma 28. Let it be a b-net with k structural conclusions. If it is -^e-normal, 
then we have sg . f ((7rJ) = s(n) + k = min{s(e) ; e is an ^-experiment of 7r} + k. 

Proof. We consider the cut free net tt' obtained from tt in two steps: 

• first, we erase all the weakening- links premises of some cut-link and all 
the cut-links; 

• second, under every !-link whose conclusion was premise of some cut-link, 
we add a b-link and a unary contraction at depth under this b-link. 

First, notice that we have s(tt') = s(ir). Second, notice that, for any unsparing 1- 
(}-experiment e of 7r, the 1-cxperimcnt e' of tt' induced by e enjoys the following 
property: s(\e'\) = s (|e|,W(e)). 

Now, since n is -ie-normal, we can define, by induction on depth(rr), a w- 
sparing 1 — J}-cxpcrimcnt e\ : it that associates (p, *) with the conclusions of 
axiom nodes. More precisely, e\ is defined as follows: 

• with every conclusion of a weakening of ground(rr) that is premise of some 
cut, ei associates the element (— , [a ]), where a is such that e\ associates 
(+, [a]) with the other premise of the cut; 

• with every pair of conclusions of every ax-link of ground^), e\ associates 
the pair of elements (+, *), (— , *) (it does not matter in which order); 

• with every !-link o, e\ associates the singleton [e°], where e° is an experi- 
ment defined as e\ on tt° (notice that depth(ir°) < depth(ir)). 

We denote by e\ the 1-experiment of it' induced by ey. we have s ( | e^ | ) = 
s(tt') + k (induction on depth{-ir')) and s(|e^|) = sjj(|ei|, W(ei)), hence s{tt) + 
k = s(tt') + k = sjj(|ei|, W(ei)). By Remark [U we have s(ir) = s(e\) = 
min{s(e) ; e is an JJ-experiment of 7r}. Lastly, since e\ is a unsparing atomic 
1-experiment of it that associates (p, *) with the conclusions of axiom nodes, we 
have s (|ei|,W(ei)) = SQ in/ (H). D 

Proposition 29. Let it be a net and let it' be a ->e-normal net. For every 
reduction sequence R : tt-^J •, it', and every ^-experiment eo of it such that 
sn(eo) = min{s(j(e) ; e is an ^-experiment of it}, we have length(R) = (s(eo) — 

*o m/ (M))/2. 

Proof. By induction on length(R). If length(R) = 0, apply Lemma [28l 

Now, R = 7r~-»? e N 7Ti ~»?-\ 7r'. By Lemma [22l there is an {{-experiment e\ 

of 7Ti such that (|ei|,W(ei)) = ([eo|,W(e )), s()( e i) = s ()( e o) ~ 2 and s o( e i) = 
min{s (e) ; e : fl tti}. 

We have s(e ) - s(ei) = s (e ) - S{j( e i) = 2 - 

We apply the induction hypothesis to tt\. We have length(R) — 1 = (s(ei) — 
s . n/ (l7r 1 l))/2 = (*(ei) - s . n/ (W))/2 = (s(e ) - 2 - S0m/ (M))/2 D 
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The following lemma shows that if tt is cut free and has no structural con- 
clusions and e is an ({-experiment of tt, then s(e) < s(\e\) — s(W(e)): 

Lemma 30. Let tt be a cut free \>-net with k structural conclusions and let e be 
a ^-experiment of tt . Then we have s(e) < s(|e|) — s(W(e)) — k. 

Proof. The proof is by induction on s(tt). If ground(Tt) is an axiom, then k = 
and s(W(e)) = 0: if the elements of D associated with the conclusions of the 
axiom are of the shape (p, a) with a E A U {*}, then we have s(e) = s(|e|); 
else, we have s(e) < s(|e|). Now, assume that ground(n) is a !-link o with k 
structural conclusions. Set e(o) = [ei, . . . , e m ] with m > 1 and let n° be the 
box of o. Notice that tt has k + 1 conclusions. We have 



s ( e ) = i + H 5 ^) 



in 

< 1 + yj(s(|ej|) — s(W(ej)) — k) (by induction hypothesis) 

= 1 + a(|e|) - *(W(e)) - (fc + 1) 
= s (| e |)- s (W(e))-fe. 

The other cases are left to the reader. □ 

Lemma 31. Assume A is infinite. Let tt be a cut free b-net with k structural 
conclusions (and possibly other logical conclusions), and let e be an J}- experiment 
ofn. There exist e' ~ e and a substitution a such that s(e') = s(|e'|) — s(W(e')) — 
k and a(\e'\,W{e')) = (\e\,W(e)). 

Proof. Let Ao be the set of elements of A occurring in W(e). We prove, by 
induction on s(ir), that, for every infinite subset A' of A \ Aq, there is an 
experiment e' ~ e such that 

1. s(e') = «(|e'|) - s(W(e')) - *; 

2. cr(|e'|,W(e')) = (|e|, W(e)) for some a e S such that cr|^ = idA„] 

3. and every element of A \ Aq occurring in \e'\ is an clement of A' . 

In the case ground(iT) is a weakening-link I, we set e'(c) = e(c), where c is Ts 
conclusion. The other cases are similar to the proof of Lemma 35 of [B] . □ 

Lemma 32. Assume A is infinite. Let tt be a cut-free net and let e be an (}- 
experiment ofn. We have sjj(e) = min{s(|e'|) — s(W(e')) + 2Card(W(e')); e' ~ 
e and (3a G «S)cr(|e'|, W(e')) = (|e|, W(e))j. 

Proof. We set q = min{s(|e'|) - s(W(e')) + 2Card{W(e')); e' ~ e and (3cj e 
5M| e '|,W(e')) = (|e| ) W(e))}. 

First, we prove sn(e) < q. Let eg be an ({-experiment of tt such that e ~ e 
and s(|e |)-s(yV(e )) + 2Card(W(e )) = g. By Fact[2T]and LemmaEQl we have 
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Sfl(e) = s (e'o) = s(e' ) + 2Card(W(e' )) < s(\e' Q \)-s(W(e' )) + 2Card(W(e' a )) = 

q- 

Now, wc prove q < sn(e). By Lcmma Em there exist e' ~ e and a substitution 
a such that s(e') = s(|e'|) - s(W(e')), cr(|e'|) = |e| and a(W(e')) = W(e). We 
have q < s(|e'|) - s(W(e')) + 2CW(W(e')) = s(e') + 2CW(W(e')) = s fl (e') = 
Sfl(e) (again by Fact l2"Tj) . □ 

Proposition 33. Assume A infinite. Let tt be a cut-free net and let (x, V) £ |7rJ. 

We have min{sjj(e); e is an ^-experiment of tt such that (|e|,W(e)) = (x, V)} 

,, ,,n ,,.,, MN „ „ ,/,»,/ /u e' is an ^-experiment of tt such that 
= mm | S (|e'|) - s(W(e')) + 2Card(W(e')) ; ^ £ 5)%^ w(e/)) £ (x> v) 

Ph»/. Set r = min {s(|e'|) - s(W(e')) + 2Card(W(e')) ; ^ ^J^^/j^ ** 

and 

g = min{s(j(e) ; e is an {|-cxperiment of tt such that (|e|, W(e)) = (x, V)}. 
First we prove q < r. Let e' be an {}-cxperiment of tt such that 

. (3a€S)a(\e' \,W(e' )) = (K,V) 

• and s(|e' |) - s(W(e' )) + 2Card(W(e' )) = r. 

By Fact [21] and Lemma HU there exists an {{-experiment eo of tt such that 
|e | = (x, V) and s (e ) = s${e' ). By Lemma EH we have g < s (e ) = 
s K) = « + 2Card(W(e; ) )) < S (|e |) - s(W(^)) + 2Carrf(W(e^)) = r. 

Now, we prove r < q. Let e be an ([{-experiment of tt such that Sjj(e) = q and 
(|e|,W(e)) = (x, V). By Lcmma[32j wc have s fl (e) = min{s(|e'|) - s{W{e')) + 
2Card(W(e'));e' ~ e and (3a e 5)er(|e'|,>V(e')) = (|e|,W(e))} > r. D 

We now state our main theorem: still using the notations of Corollary we 
show how to compute the length of Ri and Ri from J71-J and (tt'}. 

Theorem 34. Assume A infinite. Let tt and tt' be two cut-free nets with con- 
clusions d,c (resp. d',c'). The value of strong((TT\Tr') CyC >) is 

( « (».w)+» (.',w')-» u . nf ((( ff K') e , e ,}) | I 

1 \ (z, W) e W, (z'!w') € Kl and (3a e S) a(z c j = ^(z'^ J 

Proof. We set 

J »o(»,W)+3 ( g '.W')- BOw (t(7rK') C|e ,)) | I 

" \ (z, W) G (ttJ. 0'> W) e M and (3a g S) <r(z c j = ^z',^ J ' 

In the case where (tt\tt') c , c i is not strongly normalizable, by Corollary l24l and 
Lemma [Ml wc have C — 0. 

Now, we assume that (tt\tt') CiC > is strongly normalizable. 

By Corollary[8j there exist R\ : (7r|7r') C!C /~"+? e -, m and R2 ■ 7Ti~~> e *7T2 such 
that 
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• 7Ti is -ie-normal; 

• 7T2 is cut-frcc; 

• and strong((iT\Tr') c . c i) = length(Ri) + length(R,2). 

By Corollary [Ml there are (x, V) G (ttJ and (x',V) G (tt'J such that x c = 
x' c / . Hence the set C is non-empty. We can thus consider some (z, VV) G 

|7rJ, (z , W ) G \n | and cr G <S such that ct(z c ) = ct(z c /)^ and 2 

s(W + W) = min(C). We set x = ct(z), x' = a(z'), V = cr(W) and V = a{W). 
By Lemma H4l we have (x, V) G (n} and (x', V') G (n'}. Since x c = x' c / , there 
exists a J|-expcriment eo of (7r|7r') C]C / such that 

• W(e ) = V + V; 

• and 

s o( e °) = mm { s o( e ) i e * s an 0" ex P er i men t °f ?r such that (|e|, W(e)) = (x, V)} + 

min{sj])(e') ; e' is an ([{-experiment of ir' such that (|e'|, W(e')) = (x', V')}- 

By applying Proposition [33] twice, we obtain 

■nin {.,</> - ,m + 2<W(>V<, ; £^ ( #£**?_ (x - v ,) 

»M-«0<V) (z,W)eW,( Z ',W')eMand 1 

; ,, /,.,;\ there exists a G 5 such 

mm { +s(z') - s(W') ; _ 

(the points of (7rJ and (7r J we look for are among those with disjoint atoms). 

Therefore we have s fl (e ) < s(z) - s(W) + s(z') - s(W) + 2CW(W + W). 
Now, we have 

s(z) - s(W) + s(z') - s(W') + 2Card(W + W') 

- 2(- ^ ^ s(W + W')) + SQinf (l(ir\ir')c,c>}) ; 

remember that ^'■"H^'^-'o^H*')^)) _ s(w + yy/) = min(C)) hence 

s(z) - s(W) + s(z') - s(W') + 2Card(W + W) 

(z,W)GM, 

- s(W) + s(z') - s(W) + 2Card{W + W) ; (Z '' ^'^ ^ 

(3a G S) (7(Z C ) = c^z'^ 
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s(z) - s(W) 



(z,W)el7r},(z',>V')e|7r'JancL 
there exist (x, V), (x' V'),a G <S such 

mm i ss&kv * r <. w >=< x ,v),^,vv'>= (x .,v., 

and x c = x ; 



.s 



(z) - a (W) 



(z,W)el7rJ,(z',W)e|7r'}and 

there exist (x, V) G (ttJ, x', V') £ (tt'1, (ie5 such 

and x c = x c , 
(by Lemma fl"4]) 

{min{sjj(e) ; e is an (}-experiment of 7r such that (|e|, W(e)) = (x, V)}+ 
min{sjj(e') ; e' is an JJ-experiment of -n' such that (|e'|,W(e')) = (x', V)}; 
(x, V) G W, (x', V) G (tt'1 and x c = x'^7 
(by applying Proposition I3"3l twice) 

{e is an (}-experiment of n,e' is an (}-experimcnt of ■k' 
Sfl(e) + s (e'); and (3(x,V) G M,(x',V') G M) 
((|e|,W(e)) = (x,V) and (|e'|,W(e')) - (x',V) and x c = x' c ^) 

= min{sjj(e) ; e is an ({-experiment °f ( 7r l 7r ')c,c'} < s fl( e o)- 

So, sj)(e ) = s(z)-s(W)+s(z')-s(W)+2Card(W+W) = min{s (e);e is an ({-experiment of (ir\ir') c , c >}. 
Since W(e ) = V + V and Card(V + V) = Card(W + W), we have s(e ) = 
s (e ) - 2CW(W + W) = s(z) - s(W) + s(z') - s(W)- 

By Proposition [221 we have length(R x ) = (s(e ) - SQ m/ (((7rK')c, c '!))/2 = 
(s(z) - s(W) + s(z') - s(W) - s .„ / (((7r| 7 r')c J c'l))/2. Moreover, by Lemma |22| 
there exists e\ :q 7i"i s.t. 

• W(ei) = V + V 

• and sp(ei) = min{sjj(e) ; e is an ({-experiment of 7Ti}. 

By LemmadSl we have length{R 2 ) = Card{V + V) = CW(W + W). Hence 

s£rorc#((7r|7r') CiC /) 
= length(Ri) + lengthiRi) 
= (,s(z) - s(W) + s(z') - s(W) + 2CW(W + W) - Sq in/ (((7r|7r') C)C ']))/2 

s(z) + s{W) + 2Card(W) + s(z') + s(W) + 2CW(W) - .5 0m/ (((^k')c,cl) 

~~ 2 

-s(W + W') 
s (z,W) +s (z', W) - s 0m/ (((^|7r')c,c 



s(W + W') 
= min(C). 

a 

In the following example, we apply our results in a concrete case, which also 
shows that the proof of Theorem 1341 does not consist in rebuilding 7r and n' from 
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Figure 4: An example 



[7r] and fir'} and then compute the number of steps leading from (n\ir') c . c > to a 
normal form, since in the considered case we know that the point of [V] used 
to compute strong((ir\ir') CtC i) is not enough to compute ir' . 

Example 35. Let -k (resp. tt[, tt 2 ) be the net of Figure^ with conclusions d,c 
(resp. c'). Notice that we have ((-, [(+, *), (+, *)]), (+, [(-, [(+, [])]), (-, [(+, [(-, *)])])])) G 
W and ((-[(+,[(-[(+,*)])]),(+,[(-[])])])) G K1,K]. We thus have, by 
Proposition 1 19[ 

. «(-, [(+, *), (+, *)]), (+, [(-, [(+, [])]), (-, [(+, [(-, *)])])])>, 0) e W 

. and (((-, [(+, [(-, [(+, *)])]), (+, [(-, [])])])), []) G Kl, KJ. 
We have 

• HUnMMrtUo)) = *ow(KtK)cc)) = *o(«(- [(+.*).(+. *)])>. D)) = 

• *o(«(-. [(+. *). (+. *)]). (+. K-. K+. D)D. (-. K+. [(-. *)])])])>. 0)) = 9 ' 

• *o(«(-. [(+. [(". K+> *)])]). (+• K- □)])]))> 0)) = 6, 

hence, by Theorem\34\ we have strong((ir\n'i) C!C i), strong{{-n\-K 2 ) C)C :) < 9 +6~ 3 — 
= 6. Actually, these points are those which give the exact value o/siron^((7r|7r 1 ) C]C ') 
and of strong((ir\Tr' 2 ) c ,c') ■' strong((TT\Tr'i) c ,c') = strong((Tv\Tr 2 )c,c') = 6, while, as 
noticed by Pierre Boudes, the points of [7r^J and of [^y in which the positive 
multisets are of cardinality or 1 are the same. 
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Proof of Proposition [6] and Proposition [7] 

Lemma 36. Assume that 7r-^ e 7ri and 7Ti~->-, e 7r". Then there exist tt' such that 
7r-^>^ e 7r' and a non-empty sequence reduction Tt'-^*n" : 



+ 
n' 



> 1 



7U 



Proposition 37 (postponing erasing steps). For any net ttq such that there 
is no infinite reduction sequence from ttq, for any finite reduction sequence R 
from 7To to tt' , there exist a ->e-reduction sequence R' from no to some net n 
and an e-reduction sequence Rq from tt to tt' such that length(R) < length(R') + 
length(Ro). 

Proof. By induction on max.{length(R); R is a reduction sequence from ttq}. Let 
R be a finite reduction sequence ttq ~» tt\ ~^> . . . 7T„_i ~-» 7T n = 7r'. If R has 
no -ie-reduction steps, then we set n — ttq and i?o = R- Otherwise, we set 
k = min{i G N; 7Ti~-> e 7ri+i}: if k > 0, then we apply the induction hypothesis 
to 7ri; if k = 0, then we set r = minjj G N;7rj~»-,eTj+i}; we apply r times 
Lemma 1361 we thus obtain a reduction sequence R\ from ttq to 7r r+ i of length 
> r + 1 in which the first reduction step ttq ~~> 7r^ is non-erasing. We can 
thus consider the reduction sequence R\ followed by the reduction sequence 
n r+i ~~* 7r r+2 "**••• 7T„_i ~-> 7r„ and apply the induction hypothesis to 7r^. D 

Lemma 38. Assume that TT~^-, e 7Ti and 7r~-»(^ e ) 7r' iwii/i tt' ^ tti. T/ien t/iere 
ernsi tt" such that 7Ti~*(_, e ) 7r" and a non-empty reduction sequence 7r'~~*-, e *7r": 



TTl 



(-e) s 



HO, 



* X J" 

7T ►*- TT 

Proof. Let a; (resp. y) be the cut-link reduced by the step 7r~->-, e 7Ti (resp. 7r~->-(_, e ) 7r' 
we know by hypothesis that i/i;. Since a; is non erasing and y is stratified, 
there exists a unique residue 2/ of y in 7Ti . Since y is non erasing and x needs 

not being stratified, there exist n > 1 residues Xi, . . . ,a; n of a; in 7r'. The net tt" 

— *■ — > — ► 

can be obtained both by reducing J/ in 7Ti and by reducing xi, . . . , x n in 7T . D 

Lemma 39. For anj/ ne£ 7Tq suc/i t/iat 
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• there is no infinite ->e-reduction sequence from ttq 

• and there is some net tt' with some clash such that 7To-^-, e *7r' ', 

for any net tt' such that 7To~->(% e ) tt' , there exists a net tt" with some clash such 
that 7Tq~->? •> tt" . 

Proof. By induction on rn&x{length(R); R is a -ie-reduction sequence from tto}. 
We consider a -ie-rcduction sequence 7To-^>-, e 7ri-^>-, e . . . 7r„~~»^ e 7r„ + i, where 7r„_|_i 
is a net with some clash. Let tt' be a net such that 7ro~~>(-, e ) tt' . 

• If tt' = tt\ and n = 0, then we set tt" = tt\. 

• If tt' = 7Ti and n^O, then we apply the induction hypothesis to tt\. 

• If 7Tg ^ tti, then, by Lemma [551 there exists a net tt'q such that 7r ~->^ e *7TQ 
and 7ri~~>(^ e ) 7Tg'; by induction hypothesis on m, there exists a net tt" 
with some clash such that tt'q-^J > 7r"; finally we apply the induction 
hypothesis on tt' . 

n 

Proposition 40. We have SW 6 = SN^ e) - . 

Proof. The inclusion SIsT 6 C SN ( " e) = is trivial. 

If tt $_ SlSP e , then we are in one the two following cases: 

1. • there is no infinite -ie-reduction sequence from tt 

• and there is some net tt' with some clash such that 7r~~>^ e *7r', 

2. or there exists an infinite ^e-reduction sequence from tt. 

In the first case, we just apply Lemma [39l 

Now, we prove that, for any net tt from which there exists an infinite ->e- 
reduction sequence, for any net tt' such that 7r-w(_, e ) tt' , there exists an infinite 
-ie-reduction sequence from tt': this is enough to show that there exists an infi- 
nite (-ie) s -reduction sequence from tt. Indeed, for any tt from which there exists 
an infinite -ie-reduction sequence, there always exists tt' such that 7r~~+(^ e ) tt' , 
and thus from an infinite ^e-reduction sequence starting from tt one can build 
an infinite (-ie) s -rcduction sequence strating from tt. 

More precisely, we prove, by induction on n, that, for any n S N, for any 
net tt from which there exists an infinite ^e-reduction sequence, for any net 
tt' such that 7r~~>(^ e ) tt' , there exists a sequence of ^e-reduction steps tt' = 

Let tt = TTQ-^^ e TTi-~->^ e . . . TTi-^-, e TTi + i ... be an infinite sequence of -ie- reduction 
steps and assume that 7r~*(_, e ) tt' . If tt' = tt\, then we are done. Otherwise, by 
Lemma [551 there exist tt" such that TT\-^i-, e \ tt" and a non-empty ^e-reduction 
sequence 7r'~-*-, e *7r"; since there exists an infinite -ie-reduction sequence from tt\ 
and 7Ti~-*(-, e ) tt" , we can apply the induction hypothesis: there exists a sequence 
of ^e-reduction steps tt" = tt'q ~+ -, e Tr" -~» -, e . . .Tr"_ 1 '^-, e TT'J i , hence there exists a 
sequence of (at least) n + 1 ^e-rcduction steps from tt' . □ 
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Fact 41. 7/7r~~> e *7r' and tt' contains some clash, then the net it contains some 
clash too. 

Proposition 6. We have SN= ST^^'. 

Proof. By Proposition l40l it is sufficient to show that SN = SN - " 2 . 
If 7r ^ SN, then we are in one the two following cases: 

1. • there is no infinite reduction sequence from tt 

• and there is some net tt' with some clash such that tt~^*tt' , 

2. or there exists an infinite reduction sequence from tt. 

Assume that we are in the first case. Then, by Proposition [371 there exist 
a -ie-rcduction sequence R from tt to tt\ and an e-reduction sequence from tt\ 
to tt 1 , where tt' is a net containing some clash. By Fact 1411 the net tt± contains 
some clash too, hence tt £ SN* 16 . 

Now, if we are in the second case, we have to show that there exists an infinite 
-ie-reduction sequence from tt. This has been showed in [5] using Lemma[3SJ □ 

Proposition 42. For any ttq G SAT" 2 , for any ->e-reduction sequence R'" from 
ttq to a -ie-normal form tt, there exists a (-ie) -reduction sequence R± from ttq 
to tt such that length(R'") < length(Ri). 

Proof. We prove, by induction on strong^ e (TT<j), that, for any ttq 6 SlNP e , for 
any -ie-reduction sequence R'" from ttq to a -ie-normal form tt, for any tt' such 
that 7r~-+(_, e ) tt' , there exists a (-ie) s -reduction sequence Ri from tt' to tt such 
that length(R"') < length{Rx) + 1. 

• If strong^ e (TTo) = 0, then there is no such tt' . 

• If strong^ e (TT ) > 0, then we apply Lemma 1381 and the induction hypoth- 
esis. More precisely, suppose that R!" is such that 7To~->^ e 7Ti~->^ e *7r. If 
7To^(-, e ) tt\, then we apply the induction hypothesis to tt\. Otherwise, 
there exists tt' ^ m such that 7ro~->(-, e ) tt' and we can apply Lemma 1381 
there exist tt" such that 7ri-^>(^ e ) tt" and a non-empty reduction sequence 
Tr'-^>^ e *TT" . We can call R'" the ^e-reduction sequence leading from tt\ to 
tt and apply the induction hypothesis to tt\\ there exists a ^e-reduction 
sequence R\ from tt" to tt such that length(R'") < length(R\) + 1. Now, 
since there exists a non-empty reduction sequence 7r'~-»^ e *7r", there also 
exists a ^e-rcduction sequence R!^ from tt' to tt such that lengtHR!^) > 
length(R\) + 1. By applying the induction hypothesis to tt' , there ex- 
ists a (+e) s -rcduction sequence R'^' from tt' to tt such that length(R'^') > 
lengthiR!^). We consider R\ defined by 7ro-^(-, e ) it' followed by R'^' . We 
have length(Ri) = length(R'^') + l > length(R%) + l > length{R\) + 1 + 1 > 
length{R'{') + 1 = length{R"'). 

□ 
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Fact 43. If TT^-, e Tr' , then tt' has at least n— 1 cut-links, where n is the number 
of cut-links in tt. 

Lemma 44. Let ttq G SN with at least n cut-links. Then there exist 

• a -ie-normal net tt; 

• a -^e-reduction sequence R\ from ttq to tt; 

• and an antistratified e-reduction sequence R 2 from n 
such that n < length(Ri) + length(R 2 ). 

Proof. By induction on strongfjro). We distinguish between two cases: 

• There exists tt\ such that 7ro~*+-, e 7Ti : wc apply Fact 1431 and the induction 
hypothesis on tt±. 

• The net ttq is -ie-normal: we take for i?i the empty reduction sequence 
from 7To to 7To and for R2 an antistratified e-reduction sequence 7ro~»ei"i • ■ • ^efn 
such that, for any i G {0, . . . , n}, the net ni has exactly n — i erasing cut- 
links. 

□ 

Fact 45. Let R be an e-reduction sequence from tt' . Then n' has at least 
length(Ro) cut-links. 

Proposition 7. For any ttq g SN, there exist a (~>e) -reduction sequence R\ : 
1^0"^*/-, \ tt with tt -^e-normal and an antistratified e-reduction sequence Ri from 
tt such that strong(TTo) = length{R\) + length(R-2). 

Proof. Let ttq G SN and let R be a reduction sequence from ttq. By Proposi- 
tion [37l there exist a ->e-reduction sequence R' from ttq to some net tt' and an 
e-reduction sequence R from tt' such that length(R) < length(R') + length(R ). 
By Fact 1431 the net tt' has at least length(R ) cut-links, hence, by Lemma 1331 
there exist 

• a -ie-normal net tt; 

• a -ie-reduction sequence R" from tt' to tt; 

• and an antistratified e-reduction sequence R2 from tt 

such that length(Ro) < length(R") + length(R 2 ). We consider R'" defined 
by R' followed by R". By Proposition |4"121 there exists a (^e) s -reduction se- 
quence i?i from tto to tt such that length(Ri) > length(R'"). We thus have: 
length(Rx) + length(R 2 ) > length(R') + length(R") + length(R 2 ) > length(R') + 
length(Ro) > length(R). By taking as R any reduction sequence such that 
length(R) = strongfrro), we obtain the required R\ and R 2 . □ 
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